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Abstract: Quantum computers use quantum mechanical properties of matter to provide an exponential speed up in
computation time and query processing capabilities compared to classical computing. There has been an increasing trend in
finding efficient quantum algorithms for solving graph problems. Though there exist quite a good number of research works
related to quantum algorithms for graph problems, but a limited amount of research exists in designing physically realizable
quantum circuits for these algorithms. In this paper, we formulate the quantum algorithm for the Dijkastra’s shortest path
algorithm named as Quantum Dijkastra algorithm (QDA) and propose its quantum circuit design, which is first of its kind.
We further mapped our designed quantum circuit to quantum primitive operations for the various physical machine
descriptions (PMDs) so that it can be implemented in real quantum devices. We have used Quantum computing language
(QCL) for verifying our proposed algorithm.
I. INTRODUCTION
The idea of a quantum computer was first proposed by Richard Feynman in 1981 [10], which can accurately simulate
quantum mechanical systems that can’t be possible on a classical computer. Quantum computers, exploit the unique, nonclassical properties of the quantum systems like superposition, interference and entanglement thus allowing to process
exponentially large quantities of information in polynomial time [11].
A. Qubits and Quantum state
Qubits are represented in a similar way like classical bits using base-2 numbers, and they take on the value 1 or 0 when
measured. To distinguish qubits from “classical” bits, it is common to use the Bra-ket or Dirac notation, (|>) of quantum
mechanics. So the expression |0> represents quantum zero, and |1> represents quantum one. We can mathematically represent
the state of a qubit at any given time is as a two-dimensional state space in C2 with orthonormal basis vectors |1> and |0>.
The superposition

of a qubit is represented as a linear combination of those basis vectors:

.
Where a0 is the complex scalar amplitude of measuring |0>, and a1 the amplitude of measuring the value |1>. Amplitudes
may be thought of as “quantum probabilities" in that they represent the chance that a given quantum state will be observed when
the superposition is collapsed.
B. Quantum Logic Gates
A Quantum Gate (or Quantum logic gate) is a basic quantum circuit operating on a small number of qubits. Quantum
logic tes are reversible and are represented by unitary matrices. Quantum gates operate on one, two or multiple qubits. Here we
use Hadamard ,CNot, Taffoli, and Phase shift gate, CPhase gate.
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Phase shift Gate( Single qubit)

Hadamard Gate( Single qubit)

CNot Gate( Two qubit)

CPhase shift Gate( Two qubit)

Taffoli Gate( Three qubit)
Fig. 1 Representation of Single,Two and Three qubits Gates

C. Quantum Algorithm of Graph Problems
1. Preliminaries of Graph Theory
A graph is a mathematical structure consisting of a set of vertices
. An edge is a pair of vertices

and a set of edges
.

We are using 2 models.
1.1 Adjacency matrix model
Given is the adjacency matrix A

{0, 1}n×n of G with Ai,j = 1 if (i, j)

where Ai,j is the weight of edge (i, j) and we set Ai,j = ∞ if (i, j)

E. A weighted graph is encoded by a weight matrix,

E.

1.2 Adjacency array model
In adjacency array model, we are given the out-degrees of the vertices d1+ , ......, dn+ and for every vertex u an array with its
neighbors fi :[ di+] Æ[ n] . So fi (j) returns the jth neighbor of vertex i , according to some fixed numbering of the outgoing edges
of i.
Here, we use the adjacency matrix model for generating the cost matrix of the given graph. There are several quantum
algorithms for graph problem. We basically work on the Grover’s Algorithm.
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D. Grover's Algorithm
Grover's algorithm [ ] performs a search operation over an unordered set of N = 2n items for finding the element that
satisfies some condition. Classical algorithm for searching unordered data requires O(N) time, whereas Grover's algorithm
performs the search on a quantum computer in only

operations, a quadratic speedup.

Fig 2 Quantum Circuit for Grover’s Algorithm

E. Physical Machine Descriptions (PMD)
Quantum logic circuits are built by using quantum gates that operate on quantum bits (qubits). A multi-qubit gate can be
decomposed into a sequence of one-qubit and two-qubit quantum gates. But a one-qubit or two-qubit gate may not be directly
implementable in a physical quantum machine. So it can be further decomposed using the set of supported primitive quantum
operations in the PMD of the quantum machine. Physical realization of quantum computers is a challenging job. Because it is
not only requires a physical representation of qubits, but also the enabling of their time evolution. Here we consider the PMDs
of the following six quantum systems[6] such as Quantum dot (QD), Superconducting (SC), Ion trap (IT), Neutral atom (NA),
Linear photonics (LP), Nonlinear photonics (NP) [Ref. our PMD paper].
The key contributions of our paper are as follows:
•

Proposal of a new quantum algorithm for Dijkastra’s shortest path algorithm (QDA).

•

Verification of our algorithm using QCL simulation.

•

High level quantum circuit design for QDijkastra.

•

Mapping of QDijkastra circuit to quantum primitive operations for various PMDs like

Quantum dot (QD),

Superconducting (SC), Ion trap (IT), Neutral atom (NA), Linear photonics (LP), Nonlinear photonics (NP).
II. QDA
Here we propose the QDijkastra algorithm, which is the quantum version of the Dijkastra’s algorithm for finding the
shortest between the two nodes of a given graph. QDijkastra utilises the inherent parallelism of quantum algorithms involving
superposition of basis states and proves to be better in terms of time complexity in comparison with the classical Dijkstra’s
algorithm. The following algorithm presents the classical Dijkstra’s algorithm.
Algorithm 1 Classical Dijkstra’s Algorithm
Input: N= set of nodes of the network, S= source node, D=destination node
Output: The Path PD, the best path from S.
Step1 (Initialization):
T= set of nodes so far incorporated by the algorithm.

© 2014, IJARCSMS All Rights Reserved

ISSN: 2321‐7782 (Online)

32 | P a g e

Paramita et al.

International Journal of Advance Research in Computer Science and Management Studies
Volume 2, Issue 9, September 2014 pg. 30-43

m, n are nodes.
L(n)= cost of the least cost path from S to n.
Step 2
Add source node to set T: T={s}
Step 3
Find the neighboring nodes not in T, find compute L(n) where w(s,n) >=0.
Step 4
While T≠N do the following:
find n , n ∉ T such that : L(n) is the minimum.
Step 5
T= T U{n}
For each x, where x ∈T, compute: L(x) = min [ L(x), L(n)+w(n,x)]
end while
Print PD or the best path from S to all nodes in the network
end
Algorithm 2 QDA
In Quantum Dijkstra’s Algorithm (QDA) only Step 4 i.e find n, n ∈T such that : L(n) is the minimum. We can implement
i.e findind minimum path by using grover’s algorithm and take the concept from D¨urr† and Høyer algorithm[3] for finding
minimum. But design oracle and simulate the algorithm using QCL with own concept.
Input: N= set of nodes of the network, S= source node, D=destination node
Output: The Path PD, the best path from S.
Step1 (Initialization):
T= set of nodes so far incorporated by the algorithm.

m, n are nodes.
L(n)= cost of the least cost path from S to n.
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Step 2
Add source node to set T: T={s}
Step 3
Find the neighboring nodes not in T, find compute L(n) where w(s,n) >=0.
Step 4
1) Randomly choose cost of any of the neighbour node (Threshold cost) and put it in the output register.
2) Making Superposition state of cost of all neighbour nodes by applying H transforms in the input register. Now compare
with the threshold cost.
3) Apply grover’s iteration and marked the cost of nodes that are smaller than threshold cost.
4) Measure input register.
5) Now the new cost put in output register and repeat the step until finding minimum value.
6) The node (n) which have minimum cost that is the nearest neighbours of source node.
Step 5
T= T U{n}
For each x, where x ∈ T, compute: L(x) = min [ L(x), L(n)+w(n,x)]
end while
Print PD or the best path from S to all nodes in the network
end
A. Grover's algorithm used as a building block
Grover's algorithm begins with a quantum register of n qubits, where n is the number of qubits necessary to represent the
search space of size 2n = N, all initialized to |0>: |0Xn> =|0>
The first step is to put the system into an equal superposition of states, achieved by applying the Hadamard transform Hxn,
which requires

operations , n applications of the elementary Hadamard gate

Here we are making superposition state of the cost of nodes by applying H transforms in the input register. The next series
of transformations is often referred to as the Grover iteration that will be repeated
iteration is a call to a quantum oracle, O will rotate the phase by

times. The first step in the Grover

radians if the system is in correct state, otherwise it will do

nothing. Remember that such a phase shift leaves the probability of the system being correct state the same, although the
amplitude is negated. Here we compare the path length of nodes with the path length of the reference node and marked those
states that have smaller path length than reference length. So in our problems there are multiple marked states [7].
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Oracle's effect on |x> may be written simply

Where f(x) = 1 if x is the correct state, and f(x) = 0 otherwise. The exact implementation of f(x) is dependent on the
particular search problem.Grover refers to the next part of the iteration as the diffusion transform, which performs inversion
about the average, transforming the amplitude of each state so that it is as far above the average as it was below the average
prior to the transformation, and vice versa. This diffusion transform consists of another application of the Hadamard transform
H, followed by a conditional phase shift followed by another Hadamard transform ie H P H.
B. Simulation of algorithm using Quantum Computing Language (QCL)
QCL (an acronym for “quantum computation language”) is an experimental structured quantum programming language
[10]. A QCL interpreter, written in C++, including a numerical simulation library (libqc) to emulate the quantum backend is
available from
http://tph.tuwien.ac.at/ oemer/qcl.html.According to the hybrid architecture as introduced in below figure, the
numerical simulations are handled by a library (libqc) to separate the classical program state from the quantum machine state.

Fig 3 Hybrid Quantum Architecture

C. Formulating a Query of quantum version of Dijkastra’s Algorithm
In our QCL coding we formulate the query which marked the multiple states.
qufunct query(qureg a,qureg b,qureg c,qureg d,qureg e,qureg f,int n)
{
int i;
int k;
int y;
int j;
int x;
int w=#b-1;
for i=0 to #a-1 {
if bit(n,i) { Not(a[i]); }
}
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for i= #b-1 to 0 step-1{
Not(b[i]);
if a[i] and b[i]{Not(c[i]);}
Not(a[i]);
Not(b[i]);
if a[i] and b[i]{Not(d[i]);}
Not(a[i]);
}
for i= #b-1 to 1 step -1
{
if c[i]==d[i]{Not(e[i]);}
}
for j=1 to #b-1 step 1
{
x=j-1;
if c[x] and e[j]
{
Not(c[j]);
}
if d[x] and e[j]{Not(d[j]);}
}
CNot(f,c[w]);
}
Using Qcl we simulate our basic circuits and also PMD circuits.

III. BASIC CIRCUITS OF OUR PROPOSED ALGORITHM QUANTUM CIRCUITS
Given two n-partite of qubits quantum states |a |b . A unitary evolution UC (fig 4) that works as shown below.

Here are n+2 ancillas at the input, |ψ is a n qubit output state and the last two qubits carry the comparison information. For
example, if a=b then O1=O2=0, if a>b then O1=1 and O2=0, and if a<b then O1=0 and O2=1.Now it can be realized using the
quantum circuit (fig 5).
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Fig 4 Unitary Operator (Uc)

Fig 5 Quantum circuit for comparison of two strings of four qubits: |a =|a1 |a2 |a3 |a4> and |b =|b1 |b2 |b3 |b4>

Fig 6 Oracle circuit for finding the minimal value

A. Circuits Synthesis (PMD)
Here we show how each of the gates that used in the above circuits can be implemented on each of the six PMDs[6]. In this
project mainly we use Hadamard Gate, CNOT,and Taffoli Gate. All are decomposed into basic gates[6][9].
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1.

QD System

Fig 7 Circuit synthesis of Unitary Operator (Uc) [6]

Fig 8 Quantum circuit synthesis for comparison of two strings of four qubits:[6] |a =|a1 |a2 |a3 |a4> and |b =|b1 |b2 |b3 |b4>

2.

SC System

Fig 9 Circuit synthesis of Unitary Operator (Uc)[6]
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Fig 10 Quantum circuit synthesis for comparison of two strings of four qubits:[6] |a =|a1 |a2 |a3 |a4> and |b =|b1 |b2 |b3 |b4>

3.

IT System

Fig 11 Circuit synthesis of Unitary Operator (Uc)[6]

Fig 12 Quantum circuit synthesis for comparison of two strings of four qubits: |a =|a1 |a2 |a3 |a4> and |b =|b1 |b2 |b3 |b4>[6]
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NA System

Fig 13 Circuit synthesis of Unitary Operator (Uc)[6]

Fig 14 Quantum circuit synthesis for comparison of two strings of four qubits:[6] |a =|a1 |a2 |a3 |a4> and |b =|b1 |b2 |b3 |b4>

5.

LP System

Fig 15 Circuit synthesis of Unitary Operator (Uc)[6]
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Fig 16 Quantum circuit synthesis for comparison of two strings of four qubits:[6] |a =|a1 |a2 |a3 |a4> and |b =|b1 |b2 |b3 |b4>

6.

NP System

Fig 17 Circuit synthesis of Unitary Operator (Uc)[6]

Fig 18 Quantum circuit synthesis for comparison of two strings of four qubits[6]: |a =|a1 |a2 |a3 |a4> and |b =|b1 |b2 |b3 |b4>
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IV. RESULT AND IMPACT

In this work the suggested algorithm is simulated on a traditional computer. Figure (19) shows the relation between the
number of nodes in the network and the number of iterations at the step find n , n

T such that : L(n) is the minimum. It is

found that Quantum Dijkstra’s Algorithm (QDA) require less no of iteration than Traditional Dijkstra’s Algorithm (TDA).
So quantum version of the algorithm increases the speed. In classical algorithm consists of N iterations, where N is the number
of nodes in the network. Each of the N iteration consists of finding the next nearest node to the source node. When we
implement minimum finding using using linear array,it will take O(N) time and the total step will take O(N2).

Fig 19 A Comparison between TDA and QDA

We use Grover’s algorithm which will take O(

) and replacing threshold cost with new smaller cost for finding

minimum, N no of iteration required. So quantum implemenention of the algorithm become faster than classical. It is found that
the algorithm using Grover's algorithm will take

time.

V. CONCLUSION AND FUTURE SCOPE
In this paper we have demonstrated decision and planning problems which could be reduced to general graph problems. We
have analyzed the classical solutions of the graph problem and tried to find a feasible quantum improvement of the problem. We
also decomposed the circuit in six quantum system and verified the circuit using qcl.
In future we will work on cost estimation of the quantum gates, error correction of the quantum gates and try to achieve
further optimization in terms of quantum operations and quantum gate circuits. We would also try to use the quantum walk
concept for some of the related graph problems to provide a better quantum solution of those.
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